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ARTICLE INFO ABSTRACT

Editor: N. Lambert We use supervised machine learning to predict Hodge numbers for Calabi-Yau threefolds encoded by reflexive
polyhedra. The Hodge number is invariant to the order of the vertices and the swapping of axes. Incorporating
these properties, i.e. the invariance of column and row permutations for a matrix containing the polyhedron’s
vertices, promises better performance for Hodge number prediction. On a medium-sized subset of the Kreuzer-
Skarke dataset, we train and evaluate approaches with different degrees of invariance. Our comparison shows

that machine learning models incorporating symmetries actually outperform models that do not, with our best
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model achieving almost 97% accuracy.

1. Introduction

Calabi-Yau threefolds are widely studied objects in pure mathemat-
ics and string theory. Heterotic string theory is ten-dimensional and
Calabi-Yau threefolds are candidates to construct string compactifica-
tions down to four dimensions, with the hope of modelling real-world
phenomena. However, most such Calabi-Yau manifolds do not satisfy
certain consistency conditions dictated by physics [13, Section 3] and
are therefore not suitable as models for string theory. Through the
definition of “favourable manifold”, one datum that enters the checks
of the consistency conditions are the Hodge numbers of the Calabi-
Yau manifold [13, p.7]. Many Calabi-Yau threefolds can be obtained
as codimension one submanifolds of toric 4-folds, which are encoded
by a reflexive polytope obtained as the image of their moment map.
There are 473,800,776 reflexive polytopes in dimension 4, which give
rise to an even larger number of Calabi-Yau threefolds and a complete
list of these polytopes was published by Kreuzer and Skarke [15]. The
Hodge numbers of all Calabi-Yau threefolds corresponding to reflexive
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polytopes have been computed explicitly, but other string theoretic con-
sistency conditions have only been checked for a few Calabi-Yau mani-
folds. Checking these consistency conditions is a computationally hard
problem and it is desirable to have a fast method to identify the most
promising candidates before running full computations. This prompted,
for example, the works of MacFadden et al. [17] and Berglund et al. [3].
We study the problem of predicting Hodge numbers as a model case to
demonstrate that machine learning is suitable as a fast method for this
type of check.

Deep learning architectures are often built to make use of the data
structure of the inputs to generate an output. For example, multi-layer
perceptrons (MLPs) are used for vector-valued inputs and a trained net-
work relies on the fixed order of the vector components for accurate
inference. Filters in convolutional neural networks (CNNs) have been
designed to implement translation equivariance on image- or tensor-
valued inputs. While reflexive polytopes are also encoded as matrices
(a stack of their vertices), the Hodge number is invariant to column
and row permutations corresponding to a reordering of vertices and
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a swapping of axes. Incorporating invariance of the output with re-
spect to some action on the inputs promises better performance. In a
project at the London Geometry and Machine Learning (LOGML) Sum-
mer School 2022, we tested various models with different degrees of
invariance. In this paper, we compare the performance of the different
approaches. Python code for the experiments in this article is available
at www.github.com/danielplatt/kreuzer-skarke-ML.

2. Related work

Several supervised machine learning models have been trained to
predict Hodge numbers of Calabi-Yau manifolds. This line of research
was started by He [12], where a shallow, fully-connected neural network
was used to learn Hodge numbers of complete intersection Calabi-Yau
threefolds. Following this, more sophisticated neural networks [5,6,9]
were applied to the problem, improving the original prediction accu-
racy. Like the reflexive polytopes dataset, this problem is invariant
under the action of a large symmetry group. Aslan et al. [1] applied
group-invariant machine learning models to the same dataset further
improving performance. Berglund et al. [2] trained a neural network
to predict the Hodge numbers of Calabi-Yau threefolds arising from
polytopes of the dataset by Kreuzer and Skarke [15]. Machine learning
was applied to a dataset of Calabi-Yau manifolds in weighted projective
space in Berman et al. [4] and Hirst and Gherardini [14].

3. Dataset and methods
3.1. Dataset

In Kreuzer and Skarke [16], the 473,800, 776 reflexive four-dimensio-
nal polyhedra were classified, giving rise to (at least) this many Calabi-
Yau threefolds. For each reflexive polytope, the dataset lists information
about the dual polytope alongside the Euler characteristic and Hodge
numbers of the corresponding Calabi-Yau threefold. In dimension four,
reflexive polyhedra must have between 5 and 36 vertices and differ-
ent vertex numbers admit different numbers of polyhedra, with the set
of reflexive polyhedra with 16 vertices being the largest. For fast train-
ing, to be able to compare many different machine learning models, we
consider the medium-sized subset of around 78, 000 reflexive polyhedra
in dimension four with 26 vertices and their corresponding first Hodge
numbers. We use this subset as an example in this paper but we expect
similar results for other numbers of vertices. This subset includes poly-
hedra encoded as matrices M € R*20 (26 vertices stacked in column
vectors) and their corresponding Hodge numbers. We randomly parti-
tion the dataset into 80% training data and 20% test data once and use
this split for every training and evaluation.

The Hodge number A!! (M) is invariant to the actions of the group
GL(4,Z) X S,5 on M and the dataset contains a single representative in
each GL(4, Z) X S,¢-orbit. However, there is no canonical way to choose
random elements and this group is infinite. Therefore, in this paper, we
focus on the Hodge number’s invariance to the actions of the subgroup
S, X Sy, i.e. row and column permutations of M. More specifically,
applying a row permutation yields an isomorphic polyhedron and ap-
plying a column permutation merely changes the order of vertices in M
but leaves the polyhedron unchanged.

3.2. Preprocessing

In addition to the dataset above which we refer to as the original
dataset, we obtain group-invariant features from the dataset by apply-
ing the preprocessing step from Aslan et al. [1, Section 2.2], denoted
by # and referred to as the preprocessed dataset. The rationale behind

! We use the implementation from github.com/danielplatt/Fundamental-
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this is that precomposing any model ¢ : R*<?0 — R with an approxi-
mately group-invariant map 7 : R*20 — R*26 yields an approximately
group-invariant composition ¢ozx. In practice, we implemented this as
follows: instead of training our machine learning models ¢ on matrices
M € R, we instead used the training data z(M). We also build a
permuted version of the original dataset where columns and rows of the
matrices are randomly permuted (denoted as M [,) and refer to this as the
permuted dataset. For the last dataset, we apply the aforementioned pre-
processing r to obtain group-invariant features on the permuted dataset
(#(M ,)) and refer to this as preprocessed permuted dataset.

3.3. Algorithms

In this section, we describe and compare a range of different algo-
rithms. For all models trained by us, we initialised the parameters at
random and we optimised the hyperparameters for all models, except
for the model CNN which serves as a baseline.

Random guess (baseline) For each polytope, we randomly assign one of
the 35 Hodge numbers appearing in the dataset.

Majority class only (baseline) For each polytope, we choose the most
frequent Hodge number in the dataset, i.e. the Hodge number 16.

MLP with reduced input (baseline) Berglund et al. [2] trained a neural
network to predict 2! from features invariant to column and row per-
mutations, e.g. the number of vertices in the polytope and its dual. While
they trained their method on matrices M € R** with arbitrary k, we
use their results on the entire dataset as a baseline for our subproblem
where k = 26 and refer to it as MLP with reduced input.

XGBoost We used the gradient-boosted decision tree implementation
of Chen and Guestrin [7]. All inputs were flattened, we trained with a
maximum depth of 6 and used 50% of the 4 26 = 104 features to build
each tree. The L1 regularisation factor was 1 and the model was trained
for a maximum of 60000 epochs and with early stopping using patience
100. The model was trained on the regression objective with Tweedie
loss.

CNN (baseline) This neural network consists of a convolutional neural
network (CNN) and subsequent multi-layer perceptron (MLP). The CNN
consists of 2D convolution layers with kernel size 2 and 32 and 64 chan-
nels respectively, ReLU activations, and 2 X 2 max-pooling layers. The
MLP consists of two hidden linear layers with 128 and 50 neurons respec-
tively and ReLU activations. The network was trained for 1000 epochs
using the Adam optimiser with early stopping using patience 100. The
model is trained on the classification objective with cross-entropy loss.

Vision transformer We use the transformer neural network from Doso-
vitskiy et al. [8] which has approximately 25 million parameters over
19 layers and uses 4 attention heads. For the attention heads, we use
a patch size of 4 x 4. The R**?6 input matrix is augmented to R3>%>2
via stacking of random row and column permutations. The model was
trained for 60 epochs using the Adam optimiser on the classification
objective with cross-entropy loss.

Invariant MLP This model [11] contains three equivariant layers
with 256 channels and cross-connections between layers followed by
sum-pooling of each channel and five fully-connected layers with
(256,256,256,256,35) neurons. We trained the model with the Adam
optimiser and batch size 32 for 300 epochs with early stopping using
patience 12. This model is invariant to column and row permutations of
the input and uses a mean squared error loss in a regression setting.
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Table 1

Test accuracies for the task of predicting the first Hodge number of a Calabi-
Yau threefold given by a reflexive polytope. Given are the mean performance
and sample standard deviation over five runs. “+z” denotes that the machine
learning model was trained on preprocessed data as outlined in Aslan et al. [1,
Section 2.2]. We evaluate the methods’ performance on the original dataset and
a version of the dataset where the columns and rows of each input matrix are
randomly permuted.

Model Accuracy Original Accuracy Permuted
Dataset Dataset
Random Guess 2.86% 2.86%
Majority Class Only 11.28% 11.28%
MLP with reduced input 46.89% 46.89%
XGBoost 55.02% 29.70%
XGBoost+r 70.63% 59.84%
CNN 56.71 £ 0.38% 30.78 +0.49%
CNN+7 71.98 +0.61% 61.28 +0.35%
Vision Transformer 62.06 + 0.44% 43.70 + 0.60%
Vision Transformer+z 69.00 + 0.48% 61.02 +0.63%
Invariant MLP 79.30 + 0.90% 78.45 £ 0.92%
Invariant MLP+7 78.15+1.73% 77.96 + 1.50%
PointNet++ 95.04 +£0.39% 86.56 +0.52%
PointNet++ +7 95.15+0.97% 90.75 + 0.44%
MLP with inv. features 96.86+0.31% 92.04 +0.54%

MLP with inv. features+z 96.66 + 0.30% 95.37+0.37%

* This model was trained and evaluated on a superset containing polytopes with a wide
variety of vertices, not just 26 vertices. Furthermore, the inputs contain information about
the polytopes’ dual (see method description for details).

PointNet++ The PointNet++ model [19] is a neural network architec-
ture designed for the processing of point clouds extending PointNet [18]
with local instead of global information aggregation via graphs. We used
the implementation from Fey [10]. The model consists of four linear
layers with a message-passing mechanism for local feature aggregation.
Each of these layers is followed by a ReLU activation and the block of
these layers is followed by a global aggregation of features which are
used by a single subsequent linear layer to make predictions. We trained
the model using the Adam optimiser and batch size 64 for 300 epochs
with early stopping using patience 15. This model is invariant under
column permutations, but it is not invariant under row permutations,
as the coordinates of the vertices are the inputs to the first layer of the
network. It was trained with a cross-entropy loss function.

MLP with inv. features This model consists of a column- and a row-
encoder and a single decoder. Each encoder contains a single MLP that
is applied independently to each column or row of the input. Per col-
umn or row, the respective encoder obtains a feature of length 256.
Mazx-pooling operations are applied separately across column and row
features similar to the pooling in PointNet [18]. The column-encoder ob-
tains a feature invariant to column permutations while the row-encoder
obtains a feature invariant to row permutations. Both features are added
and processed by the decoder into the Hodge number prediction. The
MLPs in the encoder contain two hidden and one output layer with 256
neurons while the MLP in the decoder contains three hidden layers with
256 neurons and the output layer. The decoder MLP uses batch normal-
ization before the activation. Except for the very last layer, all layers
have a ReLU activation. The model was trained in a classification set-
ting with a cross-entropy loss function, Adam optimiser, and batch size
32 for 300 epochs with early stopping using patience 12.

4. Results and discussion

In this section, we compare the methods described in Section 3.3 on
the test sets of the datasets described in Section 3.2: the original and
permuted datasets as well as group-invariant features based on these
datasets, i.e. the preprocessed (denoted by +x) and preprocessed per-
muted datasets. For every method, we train one instance on the original
dataset and one on the preprocessed dataset and report the accuracies
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Fig. 1. Performance summary of models across the four different datasets: the
original dataset, a random permutation of the original dataset (permuted), the
group-invariant preprocessing applied to the original (preprocessed) and applied
to the randomly permuted dataset (preprocessed permuted).

on the respective corresponding test sets. In addition and without re-
training, we compare these instances on the permuted versions of the
datasets. We list the accuracies in Table 1 and visualise these results in
Fig. 1. Note that the two models MLP with reduced input and Invariant
MLP are already invariant under S, X S,4, so composing with z makes
no difference.

We make the following observations:

1. High accuracy: Our two best models predict Hodge numbers with
accuracies above 95%.

2. Classification seems to perform better than regression: While it
might seem more natural to formulate the task of predicting Hodge
numbers as a regression task, some teams found that a formulation
as a classification task, i.e. a multi-label output, performed better.
Our best methods also use a classification setting.

3. Accuracy declines significantly (29.6-46%) if inputs are permuted
and models are not permutation-invariant: Models such as XG-
Boost, CNN, and Vision Transformer are not by design permutation-
invariant and have also not been trained with suitable data aug-
mentation. As expected, their performance declines when permuted
versions of the inputs are presented (see Table 1).

4. Building in group invariance improves performance: We notice that
the models MLP with inv. features, Invariant MLP, and PointNet++
perform better than other models that have no group-invariance
built in. More specifically, the Invariant MLP is invariant under row
and column permutations, PointNet++ is invariant under column
permutations, and the MLP with inv. features contains parts to ex-
tract features invariant under row and column permutations but
not both.

5. Preprocessing step 7 improves performance: We note that making
the models more group-invariant by applying the preprocessing
step 7 increases performance for all models that are not already
fully group-invariant on the task in which input matrices were ran-
domly permuted. For the models XGBoost, CNN, and Vision Trans-
former, performance improves more than two times the sample
standard deviation, for the other models the performance change
(a decrease in two cases) is less than two times the sample standard
deviation. For the models MLP with inv. features and PointNet++,
performance is further improved by applying the preprocessing step
7 for the scenario with random permutations.
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6. Partially invariant models outperform fully invariant models: We
observe that the two partially invariant models MLP with inv. fea-
tures and PointNet++ perform better than the fully group-invariant
model Invariant MLP. We assume that partially invariant models
are a compromise between performance and generalisability (to in-
put changes that they are invariant to). On one hand, designing a
neural network with built-in invariance involves enforcing the re-
trieval of invariant features which can introduce bottlenecks and
over-constrain its architecture which, in turn, negatively affects its
performance. On the other hand, neglecting the invariances, archi-
tectures can have sufficient capacity without bottlenecks but lack
the desired invariances and generalisability. Therefore, partially in-
variant models perform well because they are not over-constrained
and additionally benefit from increased generalisability caused by
their partial invariance.

7. Polytopes with other numbers of vertices: We conducted our ex-
periments on the dataset of polytopes with 26 vertices. In addition,
we also trained and tested a shallow neural network analogously
on datasets containing polytopes with other numbers of vertices to
test if our findings can be replicated on these datasets. Though the
overall accuracy between vertex numbers varied (lower for fewer
vertices and higher for more vertices), we found points 2, 3, and
5 confirmed on these other datasets. Due to computational con-
straints, we did not train all models on all datasets.

5. Conclusion

Our experiments show that the Hodge numbers of Calabi-Yau mani-
folds defined by reflexive polytopes can be predicted with good accuracy
using machine learning.

Furthermore, we observe that building group invariance into the
machine learning models improves performance: we see that models
that are by definition invariant or partially invariant perform better
than models that are not. We also see that models that are not group-
invariant benefit from applying a group-invariant preprocessing step in
most cases.

Interestingly, our strongest models are those that are partially in-
variant but not invariant under the full group. We assume that this is
the case because the partially invariant models are a compromise be-
tween performance and generalisability (to the input changes that they
are invariant to). More specifically, partially invariant models perform
well as their architectures are not over-constrained to implement full in-
variance while benefitting from increased generalisability through their
partial invariance.
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